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Abstract
We show that for small x and in the double logarithmic approximation
(DLA) g2 can be expressed through derivative of g1 with respect to loga-
rithm of the QCD coupling. Therefore the small-x behavior of the both
structure functions is similar. The analytical expression for flavor nonsin-
glet structure function g1 is presented and its asymptotical behaviour is
calculated.
In framework of the conventional parton model the process of DIS can be
considered as a superposition of two independent phases: hadron fragmentation
in constituent partons and further DIS of a lepton on one of these partons.
At asymptotically high energies, s → ∞, the behaviour of the cross section is
governed by the second phase.
The spin-dependent part of the hadronic tensor for the second phase with the
initial parton being a quark, W[µν], can be written in terms of longitudinal and
transversal projections of the quark spin, relative to the plane of the incoming
4-vectors p (quark) and q (virtual photon), in a following way:
W[µν] = iǫµναβ
mqα
pq
(
g‖S
‖
β + g⊥S
⊥
β
)
(1)
g‖ = g1, g⊥ = g1 + g2
where m and S are mass and spin of the quark, and g1, g2 are functions of
x = Q2/2pq and Q2 = −q2 > 0.
In the Born approximation
g⊥ = g‖ =
e2q
2
δ(1 − x), (2)
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with eq being the electric charge of the quark. This means that in the Born
approximation g2 = 0.
In higher QCD orders at ln(1/x) ≫ ln(Q2/µ2) all contributions of order of
(αs(lnx)
2))k must be taken into full account.
g1 was calculated in[1, 2] in the DLA analytically for flavour nonsinglet (NS)
case and numerically for singlet (S). Here we present the analytical expression
for gS1 and the new result[3] that the structure function g2 can be obtained
through differentiation in QCD coupling αs the analytical expression for g1.
The nonsinglet quark ladder diagram with n gluon rungs in Feynman gauge
gives the following contribution to the DLA for antisymmetric structure function
W (n)µν =
n∏
i=1
[
αsCF
4π
∫ βi−1
x
dβi
βi
∫ 2pi
0
dφi
2π
∫ sβi
κi
dk2i⊥
[k2i ]
2
]
βn
e2q
2s
δ(βn−x−
~k2n⊥
s
)T (n)µν , (3)
with
κi = µ
2 +
βi
βi−1
~k2i−1⊥
where ki = αiq+βip+k
⊥
i is 4-momentum of the quark in a cell i, and
T
(n)
[µν] = iεµνλσq
λ 1
2
Tr
{
(pˆ+m)(1−γ5Sˆ)γ5Γ
σ
}
, (4)
where
Γσ =
(
n∏
i=1
[−gλiλi
′
]
)
γλ′1 kˆ1 . . . γλ′n kˆnγ
σkˆnγλn . . . kˆ1γλ1 . (5)
The key point for understanding the structure of the matrix Γσ is that
kˆγσ kˆ = −k2fσσ
′
(k)γσ′ , f
σσ′(k) = gσσ
′
− 2
kσkσ
′
k2
. (6)
This means that Γσ is linear in γ
σ and can be expressed in terms of convo-
lution of n similar f -tensors:
Γσ =
(
n∏
i=1
[
−2k2i
])
Eστ γ
τ , Eστ =
(
n∏
i=1
⊗f(ki)
)
στ
. (7)
Let us present the tensor product E of Eq.(7) as follows:
E(n)σρ = gσρ −
n∑
i=1
2
(ki)σ(ki)ρ
k2i
+
n∑
i>j
2
(ki)σ2(kikj)(kj)ρ
k2i k
2
j
+ . . . (8)
As soon as in DLA k⊥2i ≃ k
2
i , the azimuthal integration of the first two terms
of the tensor E results in
E(n)στ =
∫ 2pi
0
dφ1
2π
. . .
∫ 2pi
0
dφn
2π
E(n)στ ≃ gστ − ng
⊥
στ (9)
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where n is the number of quark cells in the ladder graph.
The analysis in[3] shows that the next terms of the expansion Eq.(8) after
integration over azimuthal angles in DLA contribute nothing.
Using the simple relation
∂αns
∂ lnαs
= nαns
one can rewrite the antisymmetric hadronic tensor Eq.(3) as
W
(n)
[µν] = iεµνλσ
mqλ
(pq)
{
M (n)Sσ −
∂
∂ lnαs
M (n)Sσ⊥
}
(10)
with
M (n) =
(
αsCF
2π
)n n∏
i=1
[∫ βi−1
x
dβi
βi
∫ βis
κi
dk2i⊥
k2i⊥
]
βn
1
2
e2qδ(βn−x−
k2n⊥
s
). (11)
Summing up over all ladders thus leads to a very simple relation between
the contributions to DIS structure functions gNS1 and g
NS
2 :
gNS2 = −
∂gNS1
∂ lnαs
(12)
Eq.(12) is valid only for ladder Feynman graphs. To understand the effect
of nonladder graphs on Eq.(12), let us add a nonladder gluon to a ladder graph.
Nonladder gluon must be soft enough not to destroy the DL pattern of a ladder
graph. Unlike a skeleton ladder gluon a nonladder gluon invokes an additional
DL integration only if no any k2⊥ factor appears in the integrand’s numerator.
Such factor would cancel the softest virtuality propagator (of those invoked by
a nonladder gluon) in the denominator. Thus adding a nonladder gluon does
not change the relation between contributions of the S⊥ and S‖-structures.
Therefore we would use Eq.(12) if one could separate out the contribution
of ladder skeleton gluons to gNS1 and differentiate it w.r.t. αs. Fortunately one
can use the expression for gNS1 obtained in the work [1] and tag the ladder and
nonladder gluon contributions through definition of separate QCD couplings αL
and αNL respectively, αL = αNL = αs. [3]
Then Eq.(12) can be presented in the form
gNS2 = −
∂gNS1
∂ lnαL
∣∣∣∣
αL=αNL=αs
(13)
that predicts the same asymptotics of gNS1 and g
NS
2 at x→ 0:
gNS2 ∼ g
NS
1 ∼
(
1
x
)a(
Q2
µ2
) a
2
, a ≃
√
2αsCF
π
(
1+
1
2N2c
)
. (14)
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We have considered above the nonsinglet contribution to g2. Obviously, one
should expect the singlet contribution, i.e. insertion of gluon ladders, to be
dominating over the nonsinglet contribution [2]. One could repeat the analysis
presented above for the case of gluon ladder contributions, the crucial points of
the analysis as well as general features of the result remain the same. The only
difference stems from different contributions of a gluon rung to the numerator’s
tensor structure Eq.(4) for each case: for a quark ladder - Eq.(6) and for a gluon
ladder -
hσσ
′
(k) = gσσ
′
−
kσkσ
′
k2
. (15)
Thus we obtain the following generalization of the expression (13) for the
total structure function gS2 :
gS2 = −
∂gS1
∂ lnαL
∣∣∣∣
αL=αNL=αs
−
1
2
∂gS1
∂ ln α˜L
∣∣∣∣
α˜L=αL=αNL=αs
. (16)
where we differ the QCD coupling α˜L corresponding to gluon radiation in a
gluon cell from the QCD coupling αL corresponding to gluon radiation in a
quark cell of a ladder graph.
The analytical expression1 for gS1 at small x is
gS1 =
∑
e2q
4
∫
dω
2πi
(
1
x
)ω ω (2ω+r1+r2+ b(−)h (r1−r2)) exp(Ωy)
ω2 + ω(r1+r2) + r1r2
(17)
where
r1 =
√
ω2−2b(+)+2h, r2 =
√
ω2−2b(+)−2h,
h =
√
b2(−)+4b1b2, Ω =
ω − r2
2
, y = ln
Q2
µ2
,
and
b(±) =
αL
2π
CF ±
α˜L
2π
4Nc +
(αNL
2π
)2(2CF
Nc
∓ 8N2c
)
1
ω2
, (18)
b1 =
αL
2π
2CF −
(αNL
2π
)2 4CFNc
ω2
, b2 = −
α˜L
2π
+
(αNL
2π
)2 2Nc
ω2
(19)
where 1/ω2-terms correspond to nonladder gluon contributions so that color
octet amplitudes are taken in the Born approximation. This significantly sim-
plifies formulae but does not noticably change the small-x asymptotics of gS1 .
Thus asymptotics of gS2 and g
S
1 at x→ 0 is
gS2 ∼ g
S
1 ∼
(
1
x
)ω0 (Q2
µ2
)ω0
2
(20)
1In the previous work [2] the small-x asymptotics of gS
1
was calculated numerically.
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where ω0 is the rightmost singularity (branching point) of the integrand in
Eq.(17):
ω0 = 2b(+)(ω0) + 2h(ω0). (21)
This is an algebraic equation of the fourth order. Solution of this equation
gives ω0 ≃ 3.5
√
αs/2π. If one neglects quark contributions to the ladder then
ω0 ≃ 3.7
√
αs/2π. The small difference between these results shows that similar
to Pomeron gluons give the dominating contribution to asymptotics of gS2 and
gS1 .
Let us recall that the above results were obtained in the DLA. Worthwile to
notice that taking single log effects into account, though does not change the
power-like character of the Eqs.(14,20), changes the values of the powers. For
gNS1 the new power is
a′ = a
[(
1 +
a2
16
) 1
2
+
a
4
]
. (22)
For example, if one takes αs = 0.18, the Eq.(22) gives: a ≃ 0.4, a
′ ≃ 0.44.
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